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We have studied the structural, electronic, and lattice dynamical properties of Mg1−xAlxB2 and MgB2�1−y�C2y

alloys within the framework of density-functional theory using the self-consistent virtual-crystal approximation
�VCA�. The structural properties, electronic band structure, and full phonon dispersion have been analyzed for
the 0�x�Al��1 and 0�y�C��0.3 ranges of concentrations. We found that both dopants reduce the number
of holes in the � bands until they are completely filled at different doping concentrations. These concentrations
correlate with the experimentally observed loss of superconductivity in these alloys. The largest influence of
doping on the phonon dispersion is found for the branches connected to the E2g and B1g modes. For both alloys
a sudden increase in the E2g-mode frequency is observed in a well-defined region of Al and C concentrations
which correlates with the topological changes in the �-Fermi surfaces.
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I. INTRODUCTION

Since the discovery of superconductivity in the interme-
tallic compound MgB2 with a superconducting critical tem-
perature Tc�39 K,1 the highest Tc for an intermetallic ma-
terial, a lot of experimental and theoretical studies have been
carried out in order to understand the origin of the relatively
high Tc in this material. Now MgB2 is generally accepted to
be a phonon-mediated BCS-Eliashberg superconductor with
multiple gaps and strong electron-phonon �e-ph� coupling.2–6

A larger part of the coupling takes place between the �-band
Fermi surfaces �resulting from the boron px and py orbitals�
with one specific phonon mode, the B-B bond stretching
mode with E2g symmetry at the � point.4,6–10 In addition to
these features, MgB2 possesses two distinct superconducting
gaps associated with the � and � Fermi surfaces, which
leads to the separation of the Eliashberg function into intra-
and interband contributions.7,11,12

As soon as MgB2 was discovered as a superconductor, the
search for a possible family of superconductors related with
it became a very active research subject. One of the first
studies in this direction was the substitution of Mg by Al,
where a reduction in the interplanar distance �c� and a very
small change in the distance between atoms in the same
plane �a� were found. However, the reduction in Tc as a
function of x reported in Mg1−xAlxB2 represented a more
astonishing phenomena. Loss of superconductivity is found
for x�0.5.13–17 The Tc reduction was successfully explained
by first-principles calculations using the virtual-crystal ap-
proximation as due to filling of the � bands with increasing
x.18 Another interesting MgB2-based system that has re-
ceived a lot of attention recently is the MgB2�1−y�C2y alloy,
which exhibits a nearly unchanged c distance, and a decrease
in the a distance, in contrast to the Al-doped case. For the
superconducting properties, C doping reduces Tc much faster
than Al doping and suppresses superconductivity for y
�0.15.19–23 The difference in the evolution of the lattice pa-
rameters between Al- and C-doped systems indicates that,
although both are electron-doped systems, the doping site is

crucial in determining the behavior of the different properties
�structural, electronic, vibrational, and superconducting� as a
function of the concentration.

The superconducting properties of MgB2, such as the e-ph
coupling and Tc, are influenced by doping in several ways.
For instance, the influence could come from the changes in
the chemical bond, the electronic band structure, and also the
density of states, among others. Additionally, the electronic
structure also influences the phonon properties such as the
renormalization of the E2g phonon frequency in Mg1−xAlxB2.
This has been demonstrated by Raman scattering measure-
ments, which showed that the frequency increases with in-
creasing x from �73 meV �MgB2� to 123 meV �AlB2�.8,24,25

Unfortunately, for the C-doped system there is no reliable
phonon characterization as a function of the C content avail-
able so far. Besides the reduction of Tc with doping in
Mg1−xAlxB2 and MgB2�1−y�C2y, also a decrease in the super-
conducting gaps �� and �� with x�y� has been observed in
these alloys. In Al-doped single crystals as well as polycrys-
tals, it was found that the � and � gaps do not merge even
for Tc�x�0.32� as low as 10 K,26–30 indicating that the in-
terband scattering ��� remains small, even at high doping
levels, and is insufficient to produce the merging. For the
case of the C-doped system, there are contradictory experi-
mental results about the merging of the gaps.27,29–33

From the theoretical point of view, many investigations
have been performed to study the evolution of the
structural,18,34 electronic,18,35–38 vibrational,24,39,40 and super-
conducting properties36,39,41–45 of the Mg1−xAlxB2 and
MgB2�1−y�C2y systems using different approximations for the
simulation of the alloys, such as the supercell
approach,24,34,35,40,42 the VCA,3,18,38,39 the coherent potential
approximation �CPA�,36,37,41 and the Korringa-Kohn-
Rostoker coherent potential approximation �KKR-CPA�.45

However, in particular the supercell and CPA approaches
have been limited to only a few Al or C concentrations be-
cause these calculations are computationally very demand-
ing, especially if one is interested in very low �close to Mg or
B� or high concentrations �close to Al�. Additionally, in these
approaches the symmetry of the original system is lost,
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which as a consequence complicates the interpretation and
understanding of experimental results as function of doping.
Finally, despite the large number of publications about MgB2
alloys, there is so far no systematic study with ab initio
methods covering all the different properties �starting with
the structural, going through the electronic and vibrational,
and ending with the electron-phonon and superconductivity
parts� of both systems, Mg1−xAlxB2 and MgB2�1−y�C2y.

In a previous work18 the effects of electronic topological
transitions �ETT� on the superconducting properties of the
Mg1−xAlxB2 alloy were analyzed. From a basic point of view,
the effects of ETT on different properties �thermodynamic
and kinetic� of metallic systems, produced by pressure or
doping, have been studied and analyzed in the seminal paper
by Lifshitz46 several years ago. The concept of ETT has been
studied in a variety of different systems and properties, such
as anomalies in structural and vibrational,47–52 thermal and
transport,53–55 and superconducting properties,56,57 among
others.

In this paper, we present a systematic study of the struc-
tural, electronic, and vibrational properties of Mg1−xAlxB2
for 0.0�x�1.0 and MgB2�1−y�C2y for 0.0�y�0.3 within
the framework of density-functional theory58 using the self-
consistent VCA �Refs. 18 and 59–61� as implemented in the
mixed-basis pseudopotential �MBPP� method.62,63 Since it is
well known that the degree of agreement with experimental
results may depend on the treatment of the exchange corre-
lation, we have used two types of xc functionals: the local
density approximation �LDA� and the generalized gradient
approximation �GGA�. The calculated lattice parameters are
compared with experimental data available in the literature.
The evolution of the electronic band structure as a function
of Al and C content is analyzed in order to determine the
critical concentrations of electronic topological transitions.
Vibrational properties are obtained with the linear response
theory,8,64–66 a very efficient approach implemented in the
MBPP code for the calculation of lattice dynamical properties.
The evolution of the phonon dispersion and the frequencies
of �-point modes are discussed in their relation to the elec-
tronic band structure.

II. COMPUTATIONAL DETAILS

The calculations were performed with the MBPP
method.62,63 In this method, valence states are expanded in a
combination of plane waves and localized functions centered
at atomic sites. The latter improves the description of local-
ized orbitals near an atomic site and allows a significant re-
duction in the basis set without sacrificing the accuracy. For
B/C and Mg/Al norm-conserving pseudopotentials were con-
structed according to the description of Vanderbilt.67 Partial
core corrections have been included in all cases. The fairly
deep potentials for B/C and Mg/Al are efficiently treated by
the mixed-basis scheme. We used s- and p-type functions at
the B/C sites, supplemented by plane waves up to a kinetic
energy of 16 Ry. Phonon properties were calculated via
density-functional perturbation theory64,65 as implemented in
the MBPP code.66 The studies were carried out with two dif-
ferent approximations for the exchange-correlation func-

tional, the LDA using the Hedin-Lundqvist form,68 and
the GGA using the Perdew-Burke-Ernzerhof �PBE�
functional.69–71 The Brillouin-zone integration has been per-
formed using Monkhorst-Pack special k-point sets with a
Gaussian smearing of 0.2 eV. For the calculation of the
ground-state properties �structural optimization and elec-
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tronic properties� a 18�18�18 k-point mesh was used
while for the phonons a denser 36�36�36 k-point mesh
was needed for convergence.

The Mg1−xAlxB2 and MgB2�1−y�C2y alloys were modeled
in the self-consistent VCA.18,59–61,72–74 The VCA was imple-
mented within the pseudopotential method by generating

pseudopotentials with a fractional nuclear charge at the Mg
or B site for each x and y �Al: Z=12+x and C: Z=5+y,
respectively� and by adjusting the valence charge accord-
ingly. In previous works60,61 the accuracy of the VCA imple-
mentation in the MBPP code has been verified by studying the
structural, electronic, vibrational, and superconducting prop-
erties of the Nb1−xMox alloys for the full range of concentra-
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tions �0�x�1� getting very good agreement with experi-
mental results. The equilibrium lattice parameters were
determined by total-energy calculations performing volume
and c /a ratio variations10 for 14 Al concentrations for
Mg1−xAlxB2 in the range 0�x�1 and 13 C concentrations
for MgB2�1−y�C2y in the range 0�y�0.3. The structural op-
timization was performed for both xc functionals: LDA and
GGA.

III. RESULTS AND DISCUSSION

A. Structural properties

In Fig. 1 we show the calculated structural parameters a
and c as a function of the Al and C content �x and y, respec-
tively� in the alloys. For comparing the two systems it is
worth mentioning that doping levels with equal number of
excess electrons per unit cell are related by x=2y.

For the Al-doped system, we observe a decrease in the c
lattice parameter, which is related to the interplanar distance,
while the a lattice parameter, which controls the in-plane
bond lengths, remains practically constant. The C-doped sys-
tem shows the opposite behavior, where c is nearly constant
and a decreases. This contrasting behavior can be traced
back to the redistribution of the extracharge density intro-
duced by doping. As explained in Ref. 18 for the Al-doped
system, an important portion of the Al electrons is located in
the interplanar region and only a small fraction in the boron
planes. This leads to a strong change in the c parameter but

hardly any change in a. In contrast, for the MgB2�1−y�C2y
alloy we find that the extracharge is mainly located in the
area between the B atoms within the boron plane, exactly in
the region of the � bonds. This strengthens the B-B bond
and, consequently, leads to a decrease in a, while it has al-
most no effect on the interplanar bonding and thus on c.

The calculations using the GGA xc functional are in better
agreement with the experimental data �see Fig. 1� than LDA,
in accordance with results in the literature since LDA under-
estimates the lattice parameters of metallic systems.75–80 The
structural optimization was also checked with the WIEN2K-
LAPW method81 �not showed here� for all concentrations.
The agreement with the MBPP was excellent, independent of
the xc functional used.

The c /a ratio for both systems given in Fig. 2 emphasizes
the strong difference in the behavior of the structural param-
eters. In the case of Al doping, c /a decreases almost mono-
tonically until x�0.8 where it starts to increase again, while
for the C-doped system c /a increases in a monotonic way as
a function of y.

B. Electronic structure and ETT

In order to evaluate the effects of increasing the Al and C
content on the electronic properties of the alloys, we analyze
the evolution of the electronic band structure and the density
of states at the Fermi level, N�EF�. In Fig. 3 we show the
band structure for MgB2, which was calculated using GGA
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optimized lattice parameters. In the Fig. 3, the bands are
labeled where ETT with electron doping could take place.

In particular, the energies E� and EA correspond to the
evolution of the � bands, EM and EK trace out the evolution
of the �-bands, and the energies E2� and EH represent the
Mg bands lying far from the Fermi level in the conduction-
band region. In this way we are able to analyze the evolution
of the band structure as a function of x by observing the
changes in the key states of the structure: the � and � states.

The evolution of the different band energies as a function
of x and y in both systems is shown in Fig. 4 �since the LDA
and GGA results are very similar in the region close to the
Fermi level, we only present the latter in order to simplify
the analysis�. For Mg1−xAlxB2 we observe that the � bands
are starting to be filled as the Al doping increases in the
alloy, until E� goes to zero at x=0.27. This represents an
ETT of the �-band Fermi surfaces and corresponds to a tran-
sition from a continuous to a discontinuous surface18 since at
� the semitubular Fermi surfaces collapse into one point.
Increasing the Al content, the �-band Fermi surfaces separate
into disjunct pieces along the c direction, whose sizes are
reduced gradually. At x=0.57 EA=0 in the electronic band
structure and the � bands are totally filled. This vanishing of
the �-Fermi surfaces constitutes a second ETT in this band.
This critical concentration, xc=0.57, correlates with the loss
of superconductivity in this alloy, experimentally determined
at a nominal content of x�0.5.14–17 The last result indicates
that the loss of superconductivity in the Mg1−xAlxB2 alloy is
closely related to the filling of the � bands of the electronic

band structure.18,44 In addition to the rapid changes in the �
bands as a function of the Al content, there are ETTs in the �
bands �EM =0� and also in the bands corresponding predomi-
nantly to Mg/Al states �EH=0 and E2�=0�. We also studied
the ETT in the MgB2�1−y�C2y alloy. For the � bands qualita-
tively the same behavior is observed as in the Al-doped sys-
tem. We found the following critical values for the ETT:
E�=0 at y=0.116 and EA=0 at y=0.177. The latter one rep-
resents the critical C content, yc, where the �-Fermi surfaces
disappear. For comparison with the Al-doped systems these
values have to be multiplied by a factor of 2 as outlined
above, which leads to a critical concentration of 2yc=0.35.
This is much smaller than for the Al-doped system �xc
=0.57� and indicates that the rigid band model description is
inappropriate since this approximation would not differenti-
ate between these two systems. For MgB2�1−y�C2y the experi-
mental value of the critical concentration where Tc goes to
zero has not been reported since there are segregation prob-
lems in preparing samples of this alloy at higher C concen-
trations �y�0.13�.22,23 However, from the experimental data
a loss of superconductivity is clearly observed for
y�0.15,19–23 which is in qualitative agreement with our
value of yc=0.177.

Total density of states at the Fermi energy �Ntot�EF�� as
well as partial contributions from B-�, B-�, and Mg states
are given in Fig. 5 for both alloys as function of concentra-
tion. The � and � partial contributions to Ntot�EF� for MgB2
are N�=0.148 states eV−1/spin and N�=0.200 states
eV−1/spin, values which are very similar to those calculated
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by Liu et al.,11 Golubov et al.,12 and Profeta et al.39 The
evolution of Ni�EF� �i=�, �, Mg, and total� is very similar in
both cases for the superconducting region �Al: x�0.60; C:
y�0.20�, where we observe a decrease as a function of x and
y for both � and �, with N��EF�=0 at xc�Al�=0.57 and
yc�C�=0.177. In contrast, NMg�EF� is practically zero up to
x�xc �y�yc� and increases for x�xc �y�yc� in both cases.
This upturn at higher doping levels is more pronounced for
Al than for C doping.

C. Lattice dynamics

In this subsection we discuss the vibrational properties of
the Al- and C-doped MgB2 alloys. In Fig. 6 we show the
phonon dispersion for MgB2 calculated within LDA and
GGA, respectively, in comparison with experimental data
available in the literature.82,83 While both calculations agree
rather well with the experimental data, GGA �black solid
lines� performs slightly better than LDA �gray dotted lines�.
Therefore, we restrict further analysis to the GGA case.

For the alloys we have obtained the full phonon disper-
sion curves for ten Al as well as ten C concentrations. The
results for Mg1−xAlxB2 and MgB2�1−y�C2y alloys are given in
Figs. 7 and 8, respectively �showing the most representative
results�. The B1g and E2g branches, which are most strongly
affected by doping, are marked with gray color in both fig-
ures. As a general trend for both alloys, we observe a hard-
ening of the E2g branches as well as a softening of the B1g
branch with increasing doping. This leads to a rather flat
dispersion of the E2g branches for larger doping �x�Al�
�0.55 and y�C��0.177�. The B1g branch initially softens
only slightly for both alloys, but in the case of Mg1−xAlxB2,
a pronounced frequency reduction occurs close to x=1.

To discuss the doping related effects in more detail we
now focus our attention on the B1g and E2g modes at the �
point. We show in Fig. 9 their phonon frequencies as a func-
tion of x for Mg1−xAlxB2 and y for MgB2�1−y�C2y alloys.84

Three different regimes can be distinguished for the E2g
mode. For small doping �Al: 0�x�0.25; C: 0�x�0.10�
the E2g frequency increases very slightly for the Al doping
and stays almost constant for the case of C doping. For in-
termediate doping �Al: 0.25�x�0.60; C: 0.10�y�0.20�
there is a strong increase in the frequency as a function of x
and y. This effect is more pronounced for C doping since the
transition region is narrower than in the Al-doped system.
The region where the hardening happens correlates closely
with the range of concentrations between the two ETTs of
the � bands, which indicate a change in the topology �E�

=0� and the complete disappearance of the �-Fermi surfaces
�EA=0�, respectively. As soon as the number of empty �
states �holes� starts to decrease due to Al or C doping �elec-
trons�, the scattering channel responsible for the huge pho-
non renormalization in MgB2 is partly closed leading to a
reduced renormalization and thus to an increased frequency
for the E2g mode. Finally, the large doping regime �Al:
0.60�x�1; C: 0.20�y�0.30� shows a saturation of the
E2g frequency. The B1g mode behaves qualitatively different
for the two alloys. It decreases in a monotonic way for Al
doped while staying nearly constant for the C-doped system.

The reason for this different behavior is that for the Al dop-
ing the extracharge is located in the interplanar region,18

which affects in a direct way the buckling-type B1g mode.
For the C-doped system, the charge density in this region is
practically unchanged since almost all the extracharges are
located in the boron plane.

IV. CONCLUSIONS

We have performed a first-principles study of the struc-
tural parameters, the electronic structure, and the vibrational
properties for the Mg1−xAlxB2 and MgB2�1−y�C2y alloys as a
function of x and y, respectively, using the self-consistent
virtual-crystal approximation. We find very good agreement
with experimental results for the structural properties in both
cases, indicating that VCA works well in describing these
alloy systems. Both systems exhibit five electronic topologi-
cal transitions, corresponding to the �, �, and Mg/Al bands.
The first critical concentration for the � bands, x1�Al�
=0.27 and y1�C�=0.116, corresponds to a disruption of the
tubular structure of the Fermi surface at the � point. The
second one, x2�Al�=0.57 and y2�C�=0.177, corresponds to
the complete filling of the � bands. The latter ones correlate
with the concentrations where superconductivity disappears
in these alloys. The calculated phonon dispersion for MgB2
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is in good agreement with the experimental data available in
the literature. In particular, GGA performs better than LDA.
The frequency of the B1g mode monotonically decreases for
Al doping, while it stays nearly constant for the C-doped
system. This qualitatively different behavior reflects the sen-
sitivity of this mode to the region in the unit cell where the
extracharge is located. Finally, the E2g mode shows an abrupt
renormalization loss �hardening� in a well-defined range of
Al and C concentrations. This transition region correlates
with the range between the two ETTs of the � bands, indi-
cating the strong influence of the electronic structure in de-
termining the vibrational properties of these alloys.

The successful application of the self-consistent virtual-
crystal approximation to electronic and vibrational properties

on these alloys opens the way for a first-principles investiga-
tion of electron-phonon coupling and superconducting prop-
erties as a function of doping, a study that will be the topic of
a forthcoming paper.85
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